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Simulation of Unsteady Flow in Nozzle-Ejector Mixer

Thomas Z. Dong¤ and Reda R. Mankbadi†

NASA John H. Glenn Research Center at Lewis Field, Cleveland, Ohio 44135

A numerical-simulation capability is developed with emphasis on capturing the � ow and acoustic disturbances
in internal � ows. The con� guration considered is that of a circular ejector with single-element primary nozzle.
The Favre-� ltered Navier–Stokes equations with a subgrid model are used to simulate the large-scale structure.
The high-order dispersion-relation-preserving scheme is used to minimize dispersion and dissipation errors. Spe-
cial boundary treatments are adopted for in� ow, out� ow, and solid walls to eliminate nonphysical re� ections.
Results show the growth of the disturbances, the formation of weak shock-cell structures, and the propagation of
acoustic waves.

I. Introduction

T HE mixer/ejectornozzle is a relativelynew and promisingcon-
cept for jet noise reduction. Its basic idea is to mix a large

amount of ambient air with the � ow from the engine’s core exhaust
to reduce the jet velocity and the associated noise. A schematic
sketch is given in Fig. 1. Several mixer/ejector con� gurations have
been developedand studied in the past.1¡4 The unsteady� eld inside
the ejector mixer in� uences the jet noise in several ways. First, it
directlyradiatessound to the far � eld throughthe openings.Second,
the unsteady � ow dynamics inside the ejector/mixer determine the
exit unsteady � ow� eld. The latter is actually the unsteady in� ow to
the jet plume, which determines its developmentin the initial region
and the far-� eld radiated sound.

The Reynolds-averaged Navier–Stokes (RANS) equations can
describe the mean � ow inside the ejector mixer, but not the un-
steady � ow� eld. The full, time-dependent, compressible Navier–
Stokes equations govern the generation of sound and its propaga-
tion. In theory, direct numerical simulations (DNSs) based on these
equations provide both the � ow � uctuations and the acoustic � eld.
However, the resolutionrequirementforhigh-Reynolds-numbertur-
bulent � ows makes DNS impractical because of current computer
limitations. As such, it was proposed in Refs. 5–7 to use large-
eddy simulations (LESs) in computational aeroacoustics. In LES,
the full Navier–Stokes equationsare solved,while realizing that the
smaller scales cannot be resolved for high-Reynolds-number tur-
bulent � ows. Modeling is used to account for the effect of these
unresolved scales on the resolved ones.

The objective of this work is to develop an LES code for study-
ing ejector/mixer � ow with an emphasis on capturing the � ow and
acoustic disturbances. In classical fan/duct noise, the noise source
is computed separately and then matched to the duct modes.8 But
in the present approach, the simulation directly captures the source
coupledwith the ductmodes.The governingequationsarepresented
in Sec. II. Because of the wavelike nature of these disturbances, a
high-order scheme is needed with low dispersion and dissipation
errors. The dispersion-relation-preserving (DRP) scheme9 is used
herein, as outlined in Sec. III. High-order schemes can allow spuri-
ous modes to be introducedat the computationalboundaries,which
contaminatethephysicalsolution.As such, specialattentionis given
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herein to unsteadyboundarytreatments, as outlined in Sec. IV. Sim-
ulation and discussion of the results are given in Sec. V.

II. Governing Equations
We consider herein the nozzle ejector � ow shown in Fig. 2. The

primary nozzle diameter is D, and its inlet mean � ow velocity is u j .
The � ow variables are nondimensionalizedas follows: lengths by
the primarynozzlediameter D, velocitiesby the primary jet velocity
u j , time by D/ u j , densityby the jet inlet density q j , and pressureby
q u2

j . Starting from the full, time-dependent compressible Navier–
Stokes equations, a spatial � lter is introduced in the form

f (x) D
Z

D

K (x ¡ z, D ) f (z) dz (1)

where K is the spatial � lter function, D is the computational mesh
size, and D is the � ow domain. Upon applying this � lter to the � ow
variables, the � ow� eld can be decomposed into

f D Nf C f 00 (2)

where an overbardenotes the resolved (� ltered) � eld and a 00 denotes
the unresolved (subgrid) one. The mean of the � ltered � eld is the
mean of the total � eld. Upon substituting this splitting into the full
Navier–Stokes equations, the � ltered compressible Navier–Stokes
equations in cylindrical coordinates take the form10¡12
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Fig. 1 Ejector with single-element primary nozzle.

Fig. 2 Computation domain.
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Here, Q is the unknown vector; F , G, and H are the � uxes in the
axial direction x , the radial direction r , and the azimuthal direction
v , respectively; S is the source term that arises in cylindrical polar
coordinates; and j is thermal conductivity. The enthalpy is I , the
internal energy is e, and r i j is the viscous stresses. This system of
equations is coupled with the equation of state for a perfect gas.
Here, a tilde denotes Favre averaging

Nf D q f / Nq (9)

The unresolved stresses, t i j , appearing in Eqs. (4–7) need to be
modeled. Smagorinsky’s model13 is used for this purpose. In this
model the subgrid-turbulencestresses are modeled as

t i j D kg d i j / 3 ¡ 2q vR
NSi j ¡ 1

3
d i j

NSmm (10)

where kg is the kinetic energy of the residual turbulence.The strain
rate of the resolved scale is given by

NSi j D 1

2
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C
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The summation NSmm is zero for incompressible � ow, vR is the ef-
fective viscosity of the residual � eld

vR D (CsD f )
2 2Smn Smn (12)

and D f is the � lter width given by

D f D (D xD rD v )
1
3 (13)

For the heat equation Edison14 proposed the eddy viscosity model

q D Nq vt

Prt

¶ NT
¶ xk

(14)

where Prt is the subgrid-scale turbulent Prandtl number, which is
taken as 1.0, and CS D 0.1.

III. Numerical Discretization
The DRP scheme of Tam and Webb9 is used herein with selective

arti� cial damping. The governing equations are written as
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The coef� cients appearing in Eqs. (15) and (16) are given in Refs. 9
and 15.

IV. Boundary Conditions
A. Wall Boundary Conditions

On the solid surfaces of the primary nozzle and ejector, the slip
boundary condition is applied. No-slip requires additional � ne grid
points to resolve the viscous layer. This will allow the formation
of Goetler vortices and Tollmien–Schlichtung waves. One of the
objectivesherein is to introduce a solid wall treatment that prevents
the generation of spurious modes. Implementing the slip condition
allows testing such treatment without additional modes generated
by wall viscouseffects,and eliminates the need for more grid points.

To maintain the accuracy of the scheme, the minimum-ghost-
points approach of Tam and Dong15 is adopted. Bias interior dif-
ferencing is used to avoid introducing unnecessary ghost points.
The coef� cients of the interior differencing are derived in a way
consistent with the interior DRP scheme.

B. Out� ow Boundary Conditions

The crossing of � ow and acoustics disturbances at the out� ow
boundary could produce arti� cial re� ections that contaminate the
physical solution. Tam and Webb’s9 asymptotic out� ow treatment
has proven to bequitesuccessfulin jet noise simulation.However, in
the jet simulationcase,6,16 the computationaldomain is long enough
such that the mean � ow gradient is weak and both the vorticity and
acousticmodes are importantat the out� ow. But, in the presentcom-
putation, the mean � ow gradient at the out� ow boundary is signi� -
cant. The mean � ow pro� le is of in� ection-type pro� le suggesting
the formation of strong Kelvin–Helmholtz instability waves. As-
suming the dominanceof convected instabilitywaves at the out� ow
boundary, Tam17 proposed the following out� ow treatment:

( ¶
¶ t

C C0
¶
¶ x

¡ C1
¶ 3

¶ x3 ) [ Oq , Ou, Ov, Op] D 0 (17)

where the circum� ex denotes the � uctuating quantities. The con-
stants C0 and C1 are obtained from the dispersion relation of the
instability waves. In the present computation only the � rst-order
derivative term is used, where C0 is the phase speed of the instabil-
ity wave.

Because of nonlinear effects, various frequency modes will be
present at downstream locations, even if the initial disturbance is
characterized by a single frequency. The critical-layer theory18,19

suggests that modes generated by interactionwill be harmonics and
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subharmonicsof phase velocities close to the fundamental one. For
a mixing layer formed by two streams of velocities u1 and u2 (u1 >
u2), c0 is approximately taken as C0 D u2 C 0.7(u1 ¡ u2 ), which is a
good estimate for the phase velocities for frequencies at a Strouhal
number less than 1.0 (Ref. 20).

C. In� ow Boundary Conditions

At the primary nozzle the � ow is supersonic and � ow variables
are given as

[ q , u, v, p] D [q j , u j , 0, p j ]

C e Re[ Oq (kr), Ou(kr), Ov(kr), Op(kr)] exp[i (kx ¡ x t )] (18)

The � rst term in the right-hand side of Eq. (18) is the mean � ow,
whereas the second term is the disturbance source of amplitude e .
The radial distribution of the source is given as the eigenfunctions
of the duct modes in the radial direction, which are composed of
Bessel functions.For a given frequency,k is the correspondingwave
number, which is given21 as

k/ x D 1/ M2
j ¡ 1 M j § 1 C M2

j ¡ 1 (k/ x ) (19)

where M j is the primary � ow Mach number.
At the inlet of the bypass channel the � ow is subsonic and the

� rst-order absorbing boundary condition of Engquist and Majda22

is used. Namely,

¶
¶ t

[q , u, v, p] C ( Nu ¡ Nc)
¶
¶ x

[ Oq , Ou, Ov, Op] D 0 (20)

where c is the speed of sound.

V. Simulations and Results
Figure 2 shows the geometry for the present simulations. The

diameter of the ejector shroud is taken as three dimensional,where
D is the diameter of the primary nozzle. The nozzle length is one
dimensional and that of the shroud is six dimensional. The total
temperature is constant over the computationaldomain. At the start
of the computation, the mean � ow at the inlet is uniform with the
Mach number for the primary nozzle M j D 1.5, whereas that of
theco� owis Mb D 0.4.The staticpressureis uniformat the inlet.The
Reynolds number based on the primary nozzle diameter is 1 £ 103

and the Prandtl number is 0.72. The initial disturbance is taken
to be of single frequency corresponding to a Strouhal number of
St D 0.2, where St D f D/ u j , f is the frequency in Hz D x / 2 p . In
the disturbance source [Eq. (18)], only the � rst duct mode in the r
direction is considered, corresponding to uniform distribution in r .
The amplitude level is taken e D 0.025.

Regarding grid sizing, the objective here is to accurately capture
the unsteady disturbance � eld, which is composed of various fre-
quencies and wavelengths.Several studies on grid resolution using
the DRP scheme for this con� guration and for other con� gurations
were performed.23¡25 The grid convergencewas found to dependon
the wavelengthconsidered.With the DRP schemesix grid pointsper
wavelengthwere necessaryto achievegrid independence.The mesh
sizewas chosenhere to beD x D D r D D/ 33.With theseparameters,
the largest Strouhal number that can be captured accurately herein
is St D 4. Higher Strouhal number waves are consideredunresolved
and are accounted for by the subgrid model.

The dimensionlessratio D t / D x is 0.0125, to ensure stability and
low numerical dispersion. The dimensionless arti� cial viscosity in
Eq. (16) is taken l a D 6 £ 10¡3 to suppress the high-frequency
spurious modes. This choice of l a has a very small effect on the
acoustic waves with a wavelength longer than 6D x , as indicated in
Ref. 15.

The simulationis carriedouton IBM RS/6000workstations.After
the transientshave left the computationaldomain,a periodicstageof
period T is reached. The solution continues until no-cycle-to-cycle
variation is reached. The mean � ow solution is then computed by
averaging the solution over the last two periods. The process takes

Fig. 3 Mach number distribution of the mean � ow.

Fig. 4 u-velocity pro� les at various downstream locations.

Fig. 5 u-velocity across the inlet boundary of the bypass channel.

about 8 CPU hours with almost three-quarters of the time for the
transients to leave the computational domain.

The mean Mach number distribution is shown in Fig. 3. As ex-
pected, a shear layer is formed because of the velocity difference
between the inner and outer stream. The shear layer starts from the
trailing edge of the nozzle and grows in the downstream direction.
The mixing and growth of the shear layer is also depicted in Fig. 4,
which shows the mean � ow pro� le at various axial locations. The
nearly top-hat pro� le is modi� ed to a smoother pro� le in the down-
stream direction. One of the major issues in numerical simulation
of jet � ow is to account for the entrainment effect. In Fig. 5, the
mean � ow pro� le at the trailing-edge point is magni� ed. We note
that, while the initial distributionis assumed to be uniform, the � nal
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Fig. 6 Root mean square of pressure � uctuations.

Fig. 7 Root mean square of axial momentum � uctuation.

Fig. 8 Root mean square of pressure � uctuations at various radial
locations.

solutionexhibitsentrainmentof the mean � ow, which is particularly
pronounced near the surface of the separation plate.

The rms of the pressure and momentum � uctuations is shown
in Figs. 6 and 7. In Fig. 8 the axial distribution of the rms of the
pressure � uctuations for several radii is shown. Examining Fig. 3,
6–8 indicates that two structures can be identi� ed. The � rst is the
usual large-scale structure,26,27 which is wavelike. This structure
grows in the downstream direction and resembles nonlinear insta-
bility waves interacting with the mean � ow and the small-scale
turbulence. In addition to this structure,a weak shock-cell structure
can be identi� ed. This can be attributed to the formation of weak
shock waves and expansion waves. The simulation is set for a per-
fectly expanded inner jet. But, because of the unsteady � uctuations,
the inner jet actually switches in time, between an overexpanded
and underexpanded jet. This leads to the formation of alternating
expansion and shock waves, which interacts with the large-scale
structure and forms the weak shock-cell structure, and the wiggles
in the streamwise development of the pressure’s rms.

The power spectrum of the axial velocity at the shear-layer lip
(r/ D D 0.5), computed at various downstream locations, is plot-

Fig. 9 Power spectrum of axial velocity at various downstream
locations in the mixing layer r/D = 0.5.

Fig. 10 Instantaneouspressure � uctuationsat ninestages of the period
T in the region above the shear layer (r/D > 0.5).

ted in Fig. 9. The spectrum is obtained by taking discrete Fourier
transform of the time derivative of u. Therefore, the mean is auto-
matically dropped out. The disturbance is initially composed of a
single frequencycorrespondingto St D 0.2. However, nonlinear in-
teraction causes the generation of other modes. By x / D D 6, the
� rst harmonic (St D 0.4) becomes of comparable magnitude to that
of the fundamental.

Figure 10 shows snapshots of the pressure � uctuations at nine
stages of a period in the region r/ D > 0.5. The change of color
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along the line r/ D D 0.5 indicates a wavelike structure that resem-
bles Kelvin–Helmholtz instabilitywaves. Starting from the top part
of the � gure and moving down shows that this large-scale structure
is convectedby the � ow in the downstreamdirection.The � gure also
shows that a wavelike structuremoves in the upstream direction op-
posite to the direction of � ow. Both the upstream and downstream-
convected structure is in� uenced by the presence of the top wall,
indicating coupling with duct modes. As the convected structure
moves away from the trailing edge, a normal front is formed cor-
responding to the plane duct mode. No noticeable re� ection from
the ejector exit or from the bypass channel inlet are observed in
Fig. 10. This indicates the accuracy of the boundary condition used
herein.

In supersonic mixing layers it is believed that the noise is domi-
natedby radiationfrom a supersonicallyconvectedinstabilitywave-
like structure. For a given Strouhal number, the structure cap-
tured herein is wavelike, but, because of � owdivergence effects,
it is not exactly harmonic in X . It can be viewed as being com-
posed of various streamwise Fourier components.Thus, for a given
frequency, there are several streamwise-Fourier components with
various streamwise wavelengths. Some of these components are
of supersonic wave speeds, even if the � ow is subsonic. Thus, a
large-scale structure in subsonic, diverging shear layers can pro-
duce sound.

VI. Conclusions
Numerical simulation of mixing inside an ejector/nozzle con-

� guration is performed. The emphasis is on capturing the time-
dependent� ow and acousticdisturbances.The DRP scheme is used
with proper boundary treatments at in� ow, out� ow, and solid walls
to capture the physical disturbanceswhile eliminating the spurious
ones. Results show that a spatially growing mixing layer is formed
starting at the separationpoint. Because of the mean � ow gradient,
the disturbances grow in amplitude. Plane wave fronts are formed
and propagate in the upstream and downstream directions, and can
leave the out� ow and in� ow boundaries without arti� cial re� ec-
tions. While the simulation is for a nominally perfectly expanded
inner jet, a weak shock-cell structure can be detected. This is at-
tributed to the � uctuating nature of the disturbances, which cause
alternating weak shock or expansion waves. The disturbances are
initiallycomposedof a single frequency.But, becauseof the nonlin-
earity, other harmonics and subharmonics are generated and grow
to � ll the spectrum.
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